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Abstract 
Material state characterization methods sensitive to incipient damage provide new opportunities for managing the life cycle of 
structures. Finite element simulations of ultrasonic guided waves show the potential of nonlinear wave mixing to detect localized 
degradation invisible to both linear elastic stress-strain response and the eye. Correlation of material degradation to the generation of 
higher harmonics or combinational harmonics makes estimation of remaining life possible from material state data early in the 
service life. 
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1. Introduction 
Condition-based maintenance of structural systems requires early awareness of the material state at critical locations in the 
structure. The nonlinear mixing of two guided waves generates combinational harmonics (which are defined below). These 
combinational harmonics are important because they enable measurement of material nonlinearity at frequencies away from integer 
multiples of the excitation frequencies where instrumentation nonlinearities exist. Lamb and shear-horizontal waves in plates as well 
as longitudinal and torsional waves in hollow cylinders can be activated and their interaction at a point between the transducers 
provides a way to characterize the material state there. Localized evolution of state can be characterized in this way by applying time 
delays to force the waves to interact at different points. Higher harmonic generation is known to be sensitive to features of the 
material microstructure in polycrystals such as dislocation density, precipitates, and voids. Modeling to correlate nonlinear ultrasonics 
results with microstructural features is necessary to use the nonlinear ultrasonics results for remaining life prediction. Thus, in 
addition to guided wave mixing, some aspects of model development are described. 
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2. Higher harmonics and combinational harmonics 
It is well known that lattice anharmonicity and microstructural defects such as microcracks cause distortion of a monochromatic 
elastic wave. Given a single monochromatic excitation at frequency f0, this distortion is evident in the frequency spectrum of the 
waveform due to the generation of higher harmonics at integer multiples of the excitation frequency 2f0, 3f0, … Thus, higher 
harmonic generation has great potential for indicating material state evolution that precedes the development of macroscale damage 
such as fatigue cracks. One of the challenges with using higher harmonic generation to indicate material degradation is that the 
distortion is relatively small, making the energy in the higher harmonics small, which makes the signal-to-noise ratio very important. 
Furthermore, the measurement system has nonlinearities that also distort the signal. Thus, it is very helpful to be able to separate the 
higher harmonic generation from the measurement system from that of the material. Unfortunately, signal distortion from the 
measurement system also results in higher harmonics at 2f0, 3f0, … 
The mixing of multiple waves provides a solution in that when the waves interact nonlinearly due to material and geometric 
nonlinearities they generate combinational harmonics. The mutual interaction of waves at frequencies f1 and f2 will generate 
combinational second order harmonics at frequencies 2f1, 2f2, |±f1 ±f2| and third order harmonics at frequencies 3f1, 3f2, |±2f1 ± f2|, |±f1 
± 2f2|. Although this requires the activation of two frequencies at one or more sources, it provides the ability to select the source 
frequencies such that higher harmonics are generated at frequencies away from those at which the measurement system harmonics 
occur; i.e., 2f0, 3f0, … An example frequency spectrum is shown schematically in Figure 1, where the excitation frequencies are 0.75 
and 1.25 MHz. Most of the energy in the spectrum is in the primary waves at f1 and f2, but the second and third order harmonics are 
shown too. The vertical lines indicate where the second harmonics of the measurement system occur, and it is clear that these 
frequencies can be avoided provided f1 and f2 are carefully selected. Data analysis could either focus on a single higher harmonic or 
spectroscopy, by using the entire spectrum. 
 
 
Fig. 1. Schematized frequency spectrum excited by interaction of primary waves at 0.75 and 1.25 MHz. 
 
3. Nonlinear guided waves 
While nonlinear spectroscopy has been researched for bulk waves and resonance (e.g., Van Den Abeele et al., 2000) it has not 
applied to ultrasonic guided waves. The multimodal dispersive nature of guided waves makes them more challenging to analyze, but 
they can travel long distances in bounded structures. They can enable monitoring otherwise inaccessible regions (e.g., buried or 
covered with insulation). Details of guided wave propagation in solid media are described by Rose (2014). Recent work by the 
authors on higher harmonics provides a foundation for the current study (e.g., Chillara and Lissenden, 2012 & 2014; Liu et al., 2013; 
2014a-b; Lissenden et al., 2014). The interaction between guided waves can occur for two sources that (i) are located at the same 
point, (ii) are located at different points and have opposite propagation directions (i.e., collinear waves), and (iii) are located at 
different points and have different propagation directions (i.e., noncollinear waves). Case (ii) is assessed here because it provides the 
capability to monitor localized degradation via scanning that can be achieved by moving the wave interaction point along the wave 
propagation path. Specifically, the two waves have the same propagation path but different source locations. If both sources are 
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excited at the same time the waves will interact at a point determined by the group velocities. However, if the signal to one transducer 
is time delayed, then the interaction point can be anywhere along the propagation path between the sources. 
The nonlinear interaction between the waves can be received at the point of interaction by a movable transducer or a laser Doppler 
vibrometer, but this does not allow the combinational harmonic to accumulate with propagation distance. Higher harmonics and 
combinational harmonics exhibit the very interesting feature of amplitude increase with propagation distance. The competition 
between this cumulative nature and attenuation and diffraction dictates the amplitude at a particular point. Alternatively, a receiver 
can be placed at a fixed location and signals analyzed at that point. In this method the combinational harmonic propagates different 
distances to the receiver and therefore those data can be used to identify the location of material degradation. This second method 
does not require a historical comparison (which could be corrupted by differing environmental or operating conditions) because it 
employs a spatial comparison instead. Thus, a limitation of method (ii) is that it is not sensitive to uniform degradation, the 
degradation must be localized. It is important to note that method (ii) relies on the combinational harmonic modes propagating 
independently from the primary wave modes. The phenomenon of independent higher harmonic propagation has been demonstrated 
via finite element simulations by Chillara and Lissenden [2014]. 
4. Combinational harmonics in plates 
Finite element simulations were conducted on a plate. The plate is modeled by hyperelastic material parameters representative of 
aluminum. The pristine plate is homogeneous, but a localized region having degraded properties (10% of the wave propagation 
distance) where the third order elastic constants for the pristine plate are doubled to represent microstructure evolution. The linear 
elastic parameters are not changed. The A0 mode is activated at one location at 0.58 MHz from transmitter 1 and the S1 mode is 
activated at another location (0.3 m away) at 1.60 MHz from transmitter 2. While not shown, the frequency spectra indicate that no 
harmonics exist at the sum frequency before the two waves mix. The sum harmonic A1 mode (f1+f2=2.18 MHz) is observed for the 
locally degraded plate. The increment in the sum harmonic is clearly quite sensitive to the localized degradation as shown in Figure 2. 
 
 
Fig. 2. Increment in the sum harmonic (f1+f2) due to local degradation normalized with respect to the pristine condition is plotted at 7 different points along the wave 
propagation path. The sum harmonic is the A1 mode at 2.18 MHz. The degraded region is marked in red, between 200-250 mm. 
 
5. Combinational harmonics in pipes 
Since guided wave modes in pipes approach guided wave modes in plates in the asymptotic limit, the same methods described 
above for plates can be applied. Here a tomographic scanning method is demonstrated, which can also be applied to plates. Two 
regions of localized degradation are modeled in an otherwise homogeneous hyperelastic pipe. Material degradation region 1 is a 
through-thickness elliptical region where the third order elastic constants are increased by a factor of 2, while the material 
degradation region 2 is a circular region where the third order elastic constants are increased by a factor of 3. Axisymmetric waves 
are actuated by wrap-around transmitters positioned 150 mm apart. Mutual interaction of the primary modes T(0,1) at f1=0.7 MHz 
and L(0,2) at f2=1 MHz results in the combinational harmonic mode T(0,2) at f1+f2=1.7 MHz being internally resonant. Time delays 
are applied to the transmitters to enable the primary waves to interact at distances between 11-113 mm in increments of 3 mm. The 
signals are acquired at an array of points around the circumference of the pipe. The sum harmonics due to mutual interactions are 
extracted through an FFT. The tomogram on the unwrapped pipe in Figure 3 shows the sum harmonic increment normalized with 
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respect to the pristine condition. The nonlinear tomogram clearly shows the location of the degradation as well as the relative severity 
of the degradation. 
 
 
 
Fig. 3. Nonlinear tomogram on the unwrapped pipe showing two degraded regions. The tomogram is based on the increment in the T(0,2) mode sum harmonic at 1.7 
MHz normalized with respect to the pristine condition. 
 
6. Closure 
The importance of mode selection of the primary waves cannot be overstressed. The interaction of the primary modes needs to 
generate combinational harmonics that are synchronized and have reasonably high power flux. Additionally, transmitters must be 
selected to preferentially actuate the intended primary modes with as high an amplitude as practical while minimizing actuation of 
other modes. And signal-to-noise ratio is critical. Likewise, the receivers should be tuned to the frequency of the harmonic of interest, 
or if all combinational harmonics are of interest then they need to be broadband. One of the advantages of wave mixing is that it 
dramatically increases the number of possible primary Lamb or shear-horizontal wave modes for a plate that generate internally 
resonant combinational harmonics. However, it is still a challenging technological problem to excite and receive these modes due to 
the complicated nature of the dispersion curves and wavestructures. Thus, shear-horizontal modes are attractive because they are 
nondispersive and generate second order combinational harmonics that are Lamb modes. Furthermore, they can be actuated and 
received with relative ease by magnetostrictive transducers. Experimental methods are currently under investigation for plates and 
similar methods will be applicable to pipes.  
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